We survey recent lattice results on QCD topological properties. The behaviour of the topological susceptibility at the deconfining phase transition has been determined. This advance has been made possible by an i) an improvement of the topological charge operator and ii) a non-perturbative determination of renormalizations.
Introduction
Relevant progress in the study of topological properties of QCD has been made possible by two recent developments in lattice gauge theories: 1) Improvement of the operators 1 . 2) Non perturbative determination of the renormalizations 2 . To clarify the meaning of 1) we recall that the building block of lattice gauge theories is the link, U µ ( n) = exp(iaA µ ( n)), or parallel transport from the site n of discretized spacetime to the neighbouring site in the directionμ, n + aμ (a is the lattice spacing). All the operators are constructed in terms of links, and therefore contain arbitrarily high powers of a A µ . The identification with continuum is usually done by requiring that the leading order in the power expansion of the lattice operator O L concides with its continuum counter-
d is the dimension of the operator. Higher order terms in eq. (1) can be changed with large arbitrariness. For the action, for example, eq. (1) reads
The idea of improvement consists in exploiting the arbitrariness in higher order terms to reduce lattice artifacts. Improving the action can make the lattice larger in physical units 3 . Our approach will be to keep the usual Wilson action and to improve the operator Q L for the topological charge 1 , to reduce renormalizations from lattice to continuum. Renormalizations will be determined non perturbatively 2,4,5 .
Topology in QCD.
The key relation is the anomaly of the singlet axial current
where
f means flavour, and N f number of flavours. Q(x) is the topological charge density
The anomaly can explain the magnitude of the η ′ mass (the so called U (1) problem 6 ) if the topological susceptibility of the vacuum in the quenched approximation (leading order in
is large enough. Quantitatively
Testing eq. (7) is a check at the same time of QCD and of the 1 Nc expansion, and can be done on the lattice.
The behaviour of χ at the deconfining temperature is also an important test of models of QCD vacuum 9 . Another use of eq. (3) which can be made on the lattice is the measurement of the singlet axial charge of the nucleon, G 1 (0), which is given by
G 1 is usually related to the quark spin content of the proton 11 .
3 Topology on the lattice.
A lattice version of the topological charge density operator is
(9) In the formal limit a → 0, in accordance with eq.
Any other choice for Q L will differ from (9) by
Similarly, for the lattice topological susceptibility, defined as
we have
where G 2 is the trace of the energy-momentum tensor and 1 is the identity operator. The presence of M (β) is due to the fact that the lattice regularization does not obey the prescription for the singularity at x = 0 which defines χ of eq. (6, 7)
χ L is determined numerically on the lattice. P (β), Z(β) and B(β) depend on the choice of Q L , i.e. on the specification of the terms O(a 6 ) in eq. (10). A good choice gives a small M (β) and Z ≈ 1, so that in eq. (14) χ ≈ χ L and lattice artifacts are a small part of the numerical determination.
To determine Z, Q L ≡ d 4 xQ L (x) ≡ Z Q is measured on an ensemble of configurations with a definite value of Q. A one instanton configuration is heated to dress it with short range quantum fluctuations. The number of instantons is checked step by step 13 , and the configurations in which either the initial instanton has disappeared or new instantons have been created are discarded from the sample (Fig. 1) . M (β) is determined by measuring χ L on an ensemble of configurations with Q = 0 (0 instantons plus quantum fluctuations). Here again the global topological charge is checked step by step and configurations in which it has been changed in the heating procedure are discarded (Fig. 2) . We have used an improved operator obtained from Q L (x) by successive smearings, and which differs from it by terms O(a 6 ) 1 . Figure 3 shows the plateaux reached by heating 1 instanton and the Z's for the 0, 1 and 2 improved operators. The analogous behaviour for M (β) is shown in Figure 4 . Improving twice the operator produces a factor of 3 in Z, or a factor of 10 in Z 2 , and a factor of 10 reduction of M (β). The ratio between the physical signal and the lattice artifacts is then improved by 2 orders of magnitude going from the 0 to the 2 smeared operator, and the subtraction in eq. (14) Difficulties are encountered in thermalizing the topological charge with the hybrid Monte Carlo algorithm in full QCD 14 (Figs. 7,8,9 ): we are, however, implementing a multicanonical algorithm in which the quark mass is used as a new variable in the Monte Carlo, to exploit the fact that for high quark masses this difficulty is less severe. The procedure works, so that the same technique described here will soon allow the determination of χ, χ ′ in full QCD and the measurement of the spin content of the proton. 
